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1  Three line summary

e Given open U C R? the Sobolev spaces W*?(U) are complete spaces
of weakly differentiable functions.

e Smooth functions are dense in W*?(Q) if Q is smooth and bounded.
This lets us perform formal manipulations as if everything is smooth
and then take limits. In particular, we can extend and restrict
functions to 0f2.

e Functions in W*P(Q2) enjoy various inequalities. Cashing in differen-
tiability for integrability we can compactly embed

WHEP(Q) — LU(Q).

Where ¢ = q(d, k,p) decreases with the dimension d, increases with
differentiability k£ and integrability p, and is larger than p.

2  Why should I care?

Sobolev spaces allow us to extend the notion of differentiability to a wider
class of functions. The fact that these spaces are complete and compactly em-
bedded in L? spaces is an important tool to extract convergent sub-sequences.
This is useful when solving differential equations as a common technique is
to take a Cauchy sequence whose limit is the solution to the equation.



3 Notation

e In this post we will be dealing with functions over a variety of domains.
To facilitate interpretation of the notation we will stick to the conven-
tion that K is a compact set, U,V are open sets, and {2 is an open
bounded set with C! boundary.

e Given a topological space X and a subset A C X we abbreviate A is
dense in X with the topology of X by

A=X.

We stress that in practice X may be itself a subset of some larger space
Y (for example X = H*(RY) and Y = LP(R?)) . However, the above
notation will always mean the closure with the topology of X and not
Y.

e A related notation is we will write given a, € A

lim a, =x € X.
n—oo

To mean the limit in the topology of X.

e Given two sets A, B we write A € B and say that A is compactly
included in B if A is compact and strictly included in B.

e We also write

A+B={z+y:x€ Ajye B}.

e Given a topological vector space X we write X’ for the dual of X and
denote given € X', ¢ € X the duality pairing as

(o, w) == w(yp).
e We will always write o for a multi-index o« € N¢ and use the notation
DYf =0 -0y

In the case o = 0 we use the convention D° = f.



e Given a space of functions X with domain A and B C A we write
Xlg={flg: feX}.
e Given two quantities M, N we write M < N to mean that there exists
some constant C' independent of M and N such that M < CN.

o We write B,(x) for the ball centered at  with radius » and B, if x = 0.
The space where the ball is contained depending on context.

4 Introduction
In practice, one often wants to solve a differential equation
Lu=f on D. (1)

Where D is some domain in R%. In a previous post on the Fourier transform
we saw how to define the Sobolev spaces H*(D) when D is the whole Eu-
clidean space R? or the torus T?. These spaces correspond to s-times weakly
differentiable functions and we saw how these spaces could help us solve (1).
However, in practice D may be an open set in R? or even some d-dimensional
manifold with a boundary condition

ulop = 9- (2)

Note that equation (2) is a priori ill-defined as the Lebesgue measure of
OD C R is zero. Thus, it is necessary to extend the theory to a wider class
of domains and to explain what we mean by the restriction of a function to
its boundary of definition.

4.1 A first attempt

Suppose for example D = U is an open set and v : U — R. Then, we can
try to define H*(U) using our knowledge of H*(R%) by:

1. Extending u by zero outside of U to form

u(z) relU
0 rg U
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2. Studying if @ € H*(R?). That is, as we saw in the previous post,
checking if

fd

hwy = [ (€ d < oc

3. Saying that u € H*(U) if and only if 7 € H*(R?).
However, this runs into problems as is shown in the following example:

Example 1. Let U = (0,1) and take u : (0,1) — R defined to be identically
equal to 1. Note that w € C*(U) so we expect that w € H*((0,1)) for all
s € R. However, il holds that @ = 11y with

A 1 — —2mi€
WO =g

As we can see, by substituting in our naive definition of H*(U) gives that
u € H*((0,1)) if and only if s < 3. Thus, our program of extending u by
zero and studying the regularity of the extension is not going to work. The
reason for this is that, by extending by zero we introduce a discontinuity on
@ at the boundary of U.

4.2 A second approach

Alternatively, we could also define
H'(U) = H'RY|, = { /], : f € B[R}

As we will see later (Corollary 19) this is a better approach. However, it is
not optimal as it requires some conditions on U. For example, if U is not
smooth we cannot assert that C*(R?)|, = C>=(U).

5 Test functions and distributions

5.1 Seminorms and their topologies

We need a new approach. Motivated as in the previous post by duality we
should begin by defining what is meant by a weak derivative of a function u
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in LP(U). If u, ¢ are smooth functions then we have by integration by parts

(p, D) := / oD = (—1)“'/(Dag0)u+ boundary effects.
D D

In the previous post, we used that

e If D = R? we can take as our test functions ¢ € S(RY) and use that
¢ multiplied by any function in L? (u and its derivatives) vanish at
infinity to get rid of the boundary effects.

o If D = T? we can take as our test functions ¢ € C*°(T%) as the bound-
ary effect of periodic functions cancels out.

To obtain this cancellation on a general open D we need to impose that our
test function ¢ vanishes in a neighborhood of the boundary. That is we need
our test functions to have compact support.

Definition 1. Let U be an open set, then we define C°(U) to be the space
of smooth functions whose support is some compact set K C U.

Another notation for C°(U) is D(U) and it is often called the space of test
functions for reasons we will later see. Given a compact subset K C U we
define for each £k € N

Definition 2. Giwen a compact subset K of an open set U we define
CE(K) == {p e CX(U) : supp(yp) C K}.

We endow C°(K) with the topology generated by the countable family of
SEMINOTMS

lpllgnrey 7= sup > [D%|, k€ Ng (3)

zeK la| <k

Later we will need to generate topologies when the family of seminorms is
uncountable.

Definition 3. Let X be a vector space and let p € P be a family of seminorms
on X. Then we define the topology generated by P to be the topology
generated by the local basis

v+ {p " (B):e>0}
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The above topology is equivalent to the initial topology generated by the
family

{p(- —2):z € X,p e P}.

We include some exercises to help the reader get more used to the topology
that arises. I recommended trying to solve them for a few minutes before
checking the hints.

Exercise 1. Write Tp for the topology generated by P, Show that Tp is the
coarsest topology that makes X into a topological vector space (TVS).

Hint. The fact that (X, 7p) is a TVS follows from the triangle inequality and
homogeneity of seminorms. The fact that it is the coarsest that makes p
continuous is that p~!(B,) must be an open neighborhood of the origin and
in a TVS, by continuity of the sum, translation of an open set must be open.

Exercise 2. Show that (X, 1p) is locally convexr. That is, every point has a
local basis of convex sets

Hint. Show that p~!(B.) is convex.

Exercise 3. Show that the topology (X, Tp) is determined by the following
property.

o Given a net xe € (X, 7p) it holds that

limz,=2r€ X <= p(re—xz)—0 VpeP.

Hint. The topology of any topological space is completely determined by the
convergence of nets. So it is enough to show that the property holds. The
implication holds by the continuity of p, the reverse follows from being able
to fit x4 into any basic set x + p(B.).

Exercise 4. Show that C°(K) is complete and thus a Fréchet space.

Hint. The topology is metrizable as the family of seminorms is countable
Use Exercise 3 to show that if ¢, € C2°(K) is Cauchy then the sequence of
derivatives D%p, converge uniformly to p(® € C%(K) for all a.. It remains
to show that

cp(o) = lim ¢, € C°(K).
n—oo

To do so use the fundamental theorem of calculus and induction.
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Using C°(K) as a stepping stone we can build a topology on C°(U). We
use the approach in Terence Tao’s blog post on distributions. Let us call a
seminorm on C2°(U) restrictable if it is a continuous function on C°(K)
forall K C U.

Definition 4. The topology on C°(U) is the one generated by all the re-
strictable seminorms on C°(U). We call this topology the smooth topology.

Exercise 5. Give an infinite restrictable family of seminorms.
Hint. Valid answers include all the LP(U) and C*(U) norms.

Exercise 6. Show that C2°(§2) with the smooth topology is a locally convex
topological vector space (LCTVS).

Hint. See Exercises 1-2

Exercise 7 (Smooth convergence is equal to local convergence). Show that
on — @ € D(U) if and only if there exists a compact set K such that for all
n the support of f, and f are in K and

lim Pn =@ € Cé)o(K)

n—oo

Hint. Given any sequence a = {a; }jGN € R, and an increasing set of compact
sets K; with U = (J;y K show that

Palp) = Slelg a; Z HDQSO(JU)HLOO(U\KJ-)'
J

|lal<j

Is a restrictable seminorm. Why does this prevent the support of ¢, escaping
to infinity? Now knowing all functions are supported in some K use that
[l (k) 18 restrictable to conclude the proof.

Exercise 8 (Completeness). Show that C°(Q)) with the smooth topology is
complete.

Hint. Given a Cauchy net p, € C°(U) show as in Exercise 7 that the support
of . cannot escape a compact set K. Conclude using the completeness on
C>(K) and Exercise 3.

Exercise 9. Show that C°() with the smooth topology is Hausdorff.
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Hint. The initial topology of a set of functions that separates points is Haus-
dorff.

Observation 1. The topology on C°(U) is mot metrizable (note the family
of seminorms used to generate it is not countable) and as a result CX(U) is
not a Fréchet space. This and more can be found in [1] page 286.

The construction of the topology on C2°(U) is a bit technical a more intuitive
construction would be to define the family of seminorms

lell; == sup [D%@]l oo oy -

|l <3

And then define the topology on C°(U) to be the one generated by this
family of seminorms. This has the following problem.

Exercise 10. Show that C°(U) with the topology generated by |-|; is not
complete.

Hint. Construct a sequence that is Cauchy with respect to every |[|-||; whose
support escapes to infinity.

Using the smooth topology we can now work with the dual of C°(U)
Definition 5. We define the space of distributions to be
D'(U) = (C=(U))"
And give it the weak-+ topology.
Observation 2. The inclusions
CX(U) = C2(RY) — S(RY)

are continuous. As a result, S'(RY) — D'(U). That is, distributions are a
larger or more general class than tempered distributions.

Of course, not all smooth functions have compact support. Other (in this
case Fréchet) spaces of smooth functions are

C=(U) = {90 el = sup D%l oo ) < 00, VK € N}
o]

Croe(U) = {99 el k= ‘ST% D@l poo(sy <00, VEEN, K C U}
al<
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Where, we give them respectively the topologies generated by |[|-[|, and [|-[|, 4
An equivalent characterization of D'(U) (see |2| page 241 ) is that, w € D'(U)
if and only if for all ¢ € C°(U) the operator pw defined by

(fspw) == (ofw), Vfe =), (4)

is continuous on C*(U).

5.2 Locally integrable functions as distributions

In our post on the Fourier transform we saw that integrable functions could
naturally be considered as tempered distributions. The analogous is true for
distributions. In this case, since our test functions are compactly supported,
the functions we pair them up with only need to be locally integrable. We
recall the definition

Definition 6. Given p € [1,00] we write L} (U) for the space of locally p
integrable functions,

L? (U) = {f NSl oy < 00, for all compact K C U}.
And endow it with the topology generated by the family of seminorms

Prap() = fll ok, -
Where K, are selected such that UneN K,=U.
Note that L

loc

Exercise 11. Show that L} (U) is a Fréchet space.

(U) c LE

loc

(U) for all ¢ < p.

Hint. The topology is metrizable as the family of seminorms is countable. By
Exercise 3 if f, € L}, (U) is Cauchy then f, is Cauchy for all LP(K) D%p,

so converges to some fx € LP(K). Show that fx = f|, where f € LV (U)
to conclude the proof.

Theorem 1 (Locally integrable functions as distributions). The mapping

T:L!

loc

(U) = D'(U)
u+— T,
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Defined by

~—

(p, T) = /Ugou, Vo e C(U). (5

Is injective and continuous.

Proof. We begin by showing that T,, € D'(U). Firstly, the integral in (5) is
finite as ¢ has compact support. Secondly, if we write K for the support of
©, it holds that

(f. pu) = /K o fu < lull e I0f]

Which, by our equivalent characterization of D'(U) in (4) shows that T, €
D'(U). We now show that the identification is injective. That is, if

/gou:(), Vo e C*(U).
U

Then u = 0. Consider a compact set K C U and write g for the extension of
sign(u) by zero outside of K. Clearly g C L*(R%). Consider an approximation
to the identity ¢, (see Appendix B ) and set

CAUK) -

By the approximation and smoothing of Propositions 6-7 we obtain a bounded
sequence with ¢, C C2°(U) for n large enough and such that

nh_{go% =g e LY(RY); [onll Lo ey < 119l oo may = 1.

By the first part of the above, we may take a subsequence ¢,, converging
to ¢ almost everywhere, and by the second we may apply the dominated
convergence theorem to obtain that

0= lim cpnku:/ [u] .
k—oo Jir K

As a result, u = 0 vanishes on K. Since K was any compact subset of U and
every open set can be written as a union of compact sets we conclude that
u = 0 as desired. The continuity of 7" follows from the estimate

(0, Tu = T0) < llellerge llu = ollzy -

Where ¢ € C2°(U) has support K (remember we are considering the weak-x
topology on D'(U)). O



Due to the above immersion, we will naturally consider Li..(U) as a subspace

of D'(U). In particular, any subspaces of L{ (U) such as L?(U) or C>=(U)
can also be considered as distributions.

Exercise 12. Show that the Ll _(U) is not closed in D'(U) .

loc

Hint. Show that an approximation to the identity converges to a Dirac delta
6 € D'(U). However 6 & Li. (U).

5.3 Support of a distribution

In the continuous case, the support of a function is well-defined as the small-
est closed set outside of which the set is zero. However, when working with an
equivalence class of functions the definition must be amended (consider for
example the support of 0 = 1g). This is resolved by the following definitions.

Definition 7. We say that a distribution w € D'(U) vanishes on V C U if
(p,w) =0, Vpe CXU) with supp(p) C V.
And write
w=0onV.

If a function vanishes on a collection of sets it also vanishes on their union,
this extends to distributions.

Lemma 1. Let {Uu},; be a collection of open sets in U and suppose that
w=0o0onU, Vaecl.

Then w vanished on U := |J,¢; Us.

Proof. Let ¢ have support in U. Then, by compactness, we can extract
a finite covering {U;};_, of supp(y¢). Let {p;};_, be a partition of unity
subordinate to U; (see Appendix C). Then

n

(p,w) = <Z pmw) = (pip,w) =0.

=1

Since  was any test function supported in U this concludes the proof. [



By the just proved Lemma 1 we see that there is a largest set on which w
vanishes. As a result, we can make the following definition.

Definition 8. Let w € C°(U) and let V' be the largest open set on which w
vanishes. Then, we define the support of w as

C

supp(w) = V*.

Since L (U) is naturally included in D’(U) we obtain in particular the def-

loc

inition of support of a function f € L (U).

loc

Exercise 13. If f € LL (U) the support of [ is the complementary of the
largest open set on which f is 0 almost everywhere. In particular, if f is con-

tinuous, the (distributional) support of f coincides with the classical support

of f.

Hint. We saw in Theorem 1 that f is 0 almost everywhere on some open set
if and only if it integrates to 0 against any test function on the open set.
This shows the first part and the second follows immediately.

6 Sobolev spaces

Now that we have built the space of distributions we can define weak deriva-
tives of test functions just as we did with tempered distributions.

Definition 9. Given w € D'(U) we define the (weak) a-th derivative by
(u, D°w) == (—1)l*/( D%, w).
Exercise 14. Show that D*w € D'(U).

Hint. Show that D® is continuous on D(U) by using that [|-[|cx are re-
strictable seminorms. Conclude by using that D® defined on D'(U) is the
adjoint of D* defined on D(U)

A prerequisite for the definition to make sense is that the notion corresponds
to that of classical derivative.

Exercise 15. Letu € C} (U) have classical derivatives u®). Then u®) = d;u.
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Hint. By definition of weak derivatives and the chain rule, we have the dis-
tributional equality

The result follows by the injectivity of T

Definition 10 (Sobolev spaces). Given an open set U C RY, k € N and
p € [1,00] we define the Sobolev space

W P(U) = {u: D" € LP(U) = D'(R?), V|a| <k}.

Where LP(U) is identified as a subspace of D'(U) by Theorem 1. We give
WHrP(U) the norm

lellrawy = D 1Dl oy -

lal <k

That is, W*P(U) is the space of k-times (weakly) differentiable functions
with derivatives in LP(U). An equivalent norm that is also sometimes used
1s

k
HUHW’%P(U) ~ Z iju“Lz}(UeRdj) '

J=1

The local Sobolev spaces W/?(U) are defined similarly, where we now only
require that

D e L} (U), Yo <k.

loc

And now generate the topology by local seminorms analogously to L{. (U).

Theorem 2 (Completeness of Sobolev spaces). For all k € N and p € [1, o0]
both W P(U) and W;"P(U) are Banach spaces. If p € (1,00) these spaces are
also reflerive.

Proof. Let {u,} ", be a Cauchy sequence in W*?(U). Then, by definition of
the norm on W*?(U) the sequence of derivatives D%, is Cauchy in LP(U)
for each |a] < k and since LP(U) is complete, converge to some functions u®

lim D%, = u(® € LP(U), Vla| < k.

n—oo



To conclude, it suffices to show that u := u(©) verifies
D% = u'®).
This holds as, for every test function ¢ € D(U)

/u(a)SOZ lim U%Q)SD = lim (_1>a|/unDa90: (—1)|a/UDaSO-
U U U

n—oo U n—oo

Where the first and last inequality follows from the continuous immersion of
LP(U) in D'(U) (Hoélder’s inequality). Reflexivity follows from the fact that
the mapping

T W (U) — (LP(U))ja)<k
u > (D*(u))ja)<k-

Is an isometry, so Im(7") is closed in the reflexive Banach space (LP(U))|a|<k

and thus reflexive (see [3] page 70). The case of WP (U) is proved identically
now working with the local seminorms. O

We now show some relevant properties of the weak derivative all of which are
to be expected knowing the classical case. These can be greatly generalized
with tools we will later develop.

Proposition 1 (Properties). Let u € WEP(U). Then it holds that
1. Leibniz rule: given p € CY(U) it holds that

0;(up) = Oiup + ud;p.
2. The translation Tyu(z) := u(x —y) € W*P(U) with D*1ju = 7,D%u.
3. Let u € WEP(RY) and v € LY(R?). Then
D% u) =v* D%

Proof. Points 1 and 2 follow by the definition of weak derivative and the
relevant properties for classical derivatives. The third property follows from
the second as, by Fubini,

wen D) = [ o) ([ Detauta = )iz ) ay

=0 [ o) ([ etorpeats = i) ar ) dy= (-0 s Do)
[



A natural question is what relationship there is between Sobolev functions
and classical derivatives. For example, in 1 dimension a classical result is that
u € Whl(a,b) if and only if u is absolutely continuous and has derivative
almost everywhere. A more general result is as follows.

Proposition 2 (Absolute continuity on lines). The following are equivalent
o ueWl(U).

o uc L (U)isalmost everywhere differentiable with classical derivatives
u® € LP (U) and, given V € U it holds that u is absolutely continu-
ous on almost all (with respect to the Lebesque measure on RY) line

segments in V' parallel to the coordinate axis.

The above holds true if we replace W P(U), LF. (U) with their none local
counterparts WP (U), LP(U).

We omit the proof which can be found in [1] pages 39 —43. The next exercise
show that, perhaps somewhat unexpectedly, to have u € W'P(U) it is not
sufficient to require that u is differentiable almost everywhere with integrable
derivatives.

Example 2. The devil’s staircase ¢ is differentiable almost everywhere with
d=0.

As a result, if ¢ € W?(0,1) then u would be constant (which it is not). In
fact, c € WP(0,1) as it is not absolutely continuous.

7 Smooth approximation of Sobolev functions

The definition of weak derivative requires one to integrate against smooth
functions whenever trying to prove some property holds. This is somewhat
cumbersome. One would much rather

1. Work pretending all Sobolev functions are (classically) smooth.
2. Manipulate them according to the standard rules of calculus.

3. Obtain a result that holds for all Sobolev functions (and not just the
classically smooth ones).
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This process can be rigorously justified by the density of various spaces of
smooth functions in Sobolev spaces. Or to use Tao’s terminology, by giving
ourselves an epsilon of room.

In this section, we prove the relevant results. These rely heavily on the
analogous density results for functions in LP(U) (see Appendix B). As a
result, they will not when p = co. We start without making any assumptions
on U and obtain two local-type results. Throughout this section we will often
be switching between different open sets and, if following the proofs, making
some drawings is recommended.

Theorem 3 (Local approximation by smooth functions). Let u € W*P(U)
for p < oo, denote its extension by zero @ and let {¢,}, ., be an approzima-
tion to unity. Then

u= lim @* ¢, € WH(V), VV eU.

n—o0

As a result, for any V € U,
CERIAf, = W), and  CER], = Wil (U)

Proof. Given a compactly embedded set V' € U we can take n large enough
so that V+ B (0, %) C U and as a result, the convolution ¢,, := u* ¢, verifies
(see Observation 6)

On=ux¢, onlV.
Thus, by the third property 1, for all || < k
D%, = D% ¢, onV.
Taking limits we conclude from Proposition 6 that

lim D%p,, = D% € LP(V).

n—oo

To conclude density of C*°(R?) in W’”’(U)‘V consider K such that

VCK; K+By,cU

And a bump function ny € C°(R?) that is equal to 1 on V and is supported
in K (this is possible by Uryshon’s lemma and a convolution). Then,

Yvn = @unv € CO(RY);  lim oy, =u € WH(V).
n—oo
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The density of C>°(R?) in VV{Zf(U) follows by taking V,, converging to U and
Uy, = Yy, » as then, for every compactly included W € U

lim u, =u € WHP(W).

n—o0

This concludes the proof as by Exercise 3 local convergence is equivalent to
convergence on every compactly included subset. O]

Observation 3. Note that, without further assumptions on U it is impossible
to get a global approzimation by smooth functions defined on all of RY. This
15 because, the convolution f x ¢, can only be defined on

1
Uijn = {1: eU:d(z,0U) > ﬁ}

The above issue disappears when U = R¢. This shows that
Theorem 4 (Global approximation in R%). It holds that for all p < oo,
C(R") = WP (R).

Proof. Let n € C°(RY) be equal to 1 on B; and set n,(z) := n(z/n). Then,
given u € WHP(R") and a smooth approximation to unity ¢, we obtain that,
by the triangle inequality

w=lim (u* ¢p)n, € WHP(RY).

n—o0

The following Theorem shows a global-type approximation.

Theorem 5 (Meyers-Serrin: local till boundary approximation). Let U C R?
be open, then for all p < oo

COO

loc

(U)NWkp(U) = WEP(U).

Proof. The proof is an instructive way of using a partition of unity to piece
together a local result (in this case Theorem 3) to get a global one. Let € > 0
and consider an open covering {V;}:-, of U with Vj = ) and V; € V;;;. By
Theorem 17 we may obtain a partition of unity p; subordinate to the “rings”



U; := Vii1\ Vi1 (the trickery with the indices is so that the U; actually cover
U). Where we relabel so that

supp(p;) C U;.

We have that p;u € C2°(V;;1) with V;1; €@ U so by the local approximation
in Theorem 3 we can find n,; such that

€
< —
1+1 - 22

||¢m * (plu) - piuHWk,p(U) = ||¢nL * (pz ) piu

Now we obtain the global approximation by taking

¥ = Z¢m e Cloc( )

As then

> €
H‘P_UHWkp < Z||¢m pitt piu”w’c,p ZE =€

=1
]

Note that Theorem 5 is not strictly stronger than theorem 3 as it is not, in
general, possible to extend functions in C72(U) to C°(R™). As a corollary

of Meyers-Serrin’s theorem, we obtain an equivalent definition of W»?(U).

Exercise 16. Let U C R? be an open set and p < oo. Then W*P(U) is equal
to the completion of C2(U) N WHEP(U) with the [y nOTML

Hint. Use that W*?(U) is complete and that the completion of a metric space
is unique.

Before Theorem 5 was proved, both our original definition 10 (distributions
with derivatives in LP(U)) and the one in Corollary 16 (closure of smooth
functions with Sobolev norm) were used as the definition of W*?(U). But it
was unclear which was the “correct” Sobolev space. This debate was settled
by Meyers and Serrin who proved that, as we just showed, both are equal.
We now show an example of how these kinds of density results can be useful.
The following generalizes the second point of Proposition 1



Exercise 17 (Change of variables). Let V,U be open in R and ® : V ~ U
be bijective with ® € C*(V — RY),d! € CYU — RY). Then for any
u € WFP(U) it holds that uwo ® € W*P(V) and the usual chain rule holds.

For example

d

0i(uo @) =Y (9:%;)(;u;) o ;. (6)

=1

Hint. Give yourself an € of room. By induction, it suffices to consider the
case k = 1.We can approximate u on each compact K C U by a sequence
of functions u,, € C*(R%). For u, the equality 6 holds. Furthermore, by a
change of variables, (6) is continuous in v € W1P(Q) so we may pass to the
limit and obtain (6) for u on K. Since K was any, the equality also holds on
the whole of U.

In Exercise 17 it is important that & is diffeomorphic so that composition
with ® is continuous.

Exercise 18. Show that the conclusion of Ezercise 17 is false if we only
assume that ® € C*(R?) and do not impose invertibility.

Hint. Divide by zero.

Now we provide a final global approximation result in the case where the
domain is smooth (see Appendix D for a review on manifolds with boundary)
and bounded.

Theorem 6 (Global, smooth on boundary approximation). Let Q2 be a
bounded open domain with C' boundary, then for all p < co.

Ceo(RY)]g = WHP(Q).

Proof. The idea will be to locally translate points close to the boundary fur-
ther into {2 so that we can convolve with an approximation of unity and then
recover the global case with a partition of unity. We begin by “straightening
the boundary”. That is, since 9 is C1, given zq € 0N there exists an open
set V C R? and a function v € C*(R?1) such that, relabeling and flipping
the last coordinate axis if necessary

VNnQ={zeV:ixg>y(x,...,2a-1)}.



By considering a translation in the last coordinate e; = (0,...,0,1) and its
mollification by an approximation of unity ¢,

2
un(x) == u (m + —ed) D O = Up % Gy
n

For n big enough we have that ¢ is well defined ans smooth on Wy := B1 ().

Since translation is continuous on LP(U) for p € [1,00) and by the behavior
of differentiation with convolution (see Proposition 1), for n large enough

Hu - SOnHWk»p(WO) < Hu - UnHWk-,p(WO) + Hun — Up * qbn”whzv(w@ <e
Now, since €2 is bounded 0f) is compact we may extract a finite covering
n
{I/Vi = Bi(xi)} of 00 and functions {¢;};_; smooth on W; such that
ng 0

1=

€
< .
T n+2

Hu - SOTLHW’%P(WZ-)

Now we take an open set W,,; € Q such that {W;}'* cover Q. By the

local approximation of Theorem 3 we know we can approximate u on W,
by some ,,1 € C°(R?)

€
n+2

Ju— @n+1||wk,p(wn+l) =

Finally, we take a smooth partition of unity {p;}/, subordinate to {W;}"*]

and a bump function € C>°(R?) which is equal to 1 on Q and is supported
on UM W; (see example 5) and set

n+1

= UZPM € O ().

=0

This gives the desired approximation

n+1
lu = @lhrng < S IoiC = @)llypmuy < €
i=0
This concludes the proof. O

In contrast to Theorem 5, Theorem 6 shows that Sobolev functions on smooth
bounded domains can be approximated by functions that are also smooth
on the boundary of the domain €2. This will prove fundamental in the
next section. Both to extend them to the whole of R? and to restrict them
to 0f2.



8 Extensions and restrictions

Using the approximation of Sobolev functions by functions smooth on the
boundary we can extend functions in W*?(Q) to the whole of R?. However,
the extension is not unique.

Theorem 7 (Extension theorem). Let Q C RY be a bounded open set with
C* boundary where k € N.. Then for all p € [1,00) . Then, given an
open set W with 2 € W there exists a continuous operator

E:WhP(Q) = WFP(RY),  E:CHQ) — C*RY).

such that

Fu — U on € '
0 on W¢

We call Eu an extension of u to R™.

Proof. We work first in the upper half-space (the canonical example of a
manifold with boundary)

HE = {x:(xl,...,xd) eRd:deO}.
That is, we suppose that there is some open set ' C R? such that
Q= NHL,.
Where
Hy=int(H?) = {z = (21,...,24) ER? 1 24 > 0}.

By Theorem 6 we also give ourselves an epsilon of room by supposing that
u € C*(Q). We define the extension of u to ' as

u(z) g >0
FEu(x) = , :
{Z?ﬂl ajuj(z — jea)  za <0

We will have Eu € C*(Y) as long as we can get the derivatives to match up
on the boundary {z; = 0} N {Y. That is, as long as a; verify

k+1

Jj=1



The above is a system of k& + 1 equations with £+ 1-unknowns a;. Its matrix
is the Vandermonde matrix (which is invertible). As a result, the system
may be solved to extend u. By the form of Eu we have the bound

| Bullynr) < ¢llullyiny -

Where ¢ := (k+ 1)"" max {1, [|a||.}. Working now in the general case for
), we may cover the compact €2 by a finite amount of bounded open sets
); C W such that

D0 Q) and &, N0 S QA NHL

Where Q) are open in R? and ®; are C* diffeomorphisms. By the previous
case, we can extend u} := uo ®;' € C*(Q; NH?) to functions v} € C*(Q)
and then transform back to the original space to get

i = u, o d; € CF ().
Where
Hdz'HWk,p(Qi) S ||uiHW’W(Q)‘ (7)
-1
(27 vy

ing a partition of unity subordinate to {€;};_, we glue the local extensions
together to form an extension to all of 2

The hidden constant depending only on ¢, [|®;[| o (o, - Next, us-

=1

The desired extension can now be obtained by multiplying @ with a bump
function 7 that is supported in W and equal to 1 on 2.

Eu = ni € C*(RY).
By (7) we have that

IEullynn @y S lullwrs ) -
As a result, £ is a (bounded) linear operator. So far we had considered
u € C*(Q). Now, since by Theorem 6 the space C*(Q) is dense in W*P(Q)
we may extend F to a linear operator on the whole of W*P(2). A verification
shows that E is also bounded as an operator from C*(Q) to C*(R?). This
concludes the proof. O


https://en.wikipedia.org/wiki/Vandermonde_matrix

Exercise 19 (Restriction). Under the conditions of Theorem 7 it holds that
Whe(Q) = WHP(RTY)|,; CHQ) = C*RY)|,,.

That is, functions in WH5P(Q), C¥(Q) are equal to the restriction of functions
in WEP(R?), C*(R?) respectively.

Hint. Given u € WkP(Q) we can extend it to Eu € W*P(R?) by the just
proved extension theorem 7. By definition u = Ful,. The case u € C*(R?)
is identical.

Using extensions also gives us a way to define the Sobolev spaces H*(§2) when
the exponent s is real valued.

Definition 11. Given a bounded open set Q with boundary of type C* with
k € N, we define for all real s € |0, k]

H*(Q) := H*(RY)],, .

To further generalize this definition to domains where restriction is not pos-
sible one needs to use complex interpolation (see for example [2] pages 321-
333).

9 Trace theorem

As we already discussed, a PDE often incorporates boundary information
such as u|y, = 0. This is well defined if u is continuous, however, if u €
WHP(U), and is thus only defined almost everywhere, then ul,,; is a priori
not well defined. The following theorem remedies this issue.

Theorem 8 (Trace). Let Q be a bounded open set of R with C' boundary.
Then, there exists a continuous linear operator

T:Wh(U) — LP(OU).
Such that Tu = ul,, for allu € C(Q) N WP(Q).

Proof. As in previous results, the trick is to suppose first u is smooth, work
locally, and then obtain a global result using a partition of unity and the
density in Theorem 6.


https://en.wikipedia.org/wiki/Interpolation_space

Given zy € 90 we take a open set U C R? containing zy. Flattening out the
boundary by ® : U ~ U’ where necessarily the boundary is preserved

O:UNINS U NOHY,

and using the extension theorem 7 to extend v’ := u o ® to @ with compact
support K C R? we obtain by the divergence theorem

/ WP < / = / ol < / PP 0] S 1T By -
U'NOHE OHa Hd Hd

Where in the second inequality we used the chain rule and in the last Holder’s
inequality. Since ®~! is C* and by the continuity of the extension we obtain
what we are looking for in

||uHLP(Ur‘|8’Hd) N Hﬁ/HWLP(Hd) S Hulelm(Umed) S Hunl,p(Um) (8)

We had supposed u smooth, now taking a finite covering {U;}!_; of 0 (this
is possible by compactness of 9€2) and taking a subordinate partition of unity
pi we conclude from (8) that

n n
juf? = / ? < S el = Tl amen -
/39 ; UinoQ ; W) W)
That is,
||Tu||LP(8Q) S ||u||W17p(U)-

Using Theorem 6 to extend 7' continuously to W*P(Q) = C®(R%)]|,, con-
cludes the proof. O

Definition 12. We define the trace of u € W*P(Q) as Tu. We also use the
notation

ulyq = Tu.

To get an estimate on the trace we paid 1-degree of regularity. We can
do better and only pay 1/p degrees of regularity. This uses the theory of
Sobolev—5lobodeckij spaces which we will not develop here. In the case p = 2
we can use Holder spaces H*(£2) to get the improved result.


https://en.wikipedia.org/wiki/Divergence_theorem#:~:text=space%5Bedit%5D-,We,-are%20going%20to%20prove
https://en.wikipedia.org/wiki/Trace_operator#For_p_=_1:~:text=%5Bedit%5D-,A%20more,-concrete%20representation%20of

Theorem 9. For all real s > 1/2 the trace operator is a continuous operator
T: H*(Q) — H*2(Q).
Proof. Straightening out the boundary and using the extension operator as

in the trace theorem 8, it is sufficient to work in the case where u is smooth
and defined on H?. By Fourier inversion, if we write £ = (¢/,&,)

Tu(¢) = [ (€)dé,.
) = [ a e
So, by Cauchy Schwartz
Tuo] < [ ©* s [ © ag )
The change of variables £; — (¢') &; shows that
/ (&) déa = ()7 / (&) da$ €)7o
R R

Where in the inequality it was used that s > 1/2. We deduce from (9) and
(10) on taking norms that

[u] Hs—1/2(Rd-1) S [ul Hs(R9) -
Which concludes the proof. n

A particularly useful space of functions related to the trace operator is the
following

Definition 13. We define the space of functions with trace zero as
WyP(U) := C=(U) C WH(U).
Where the closure is with respect to the topology on W*P(U).
Exercise 20. Show that for all u € WE*(Q)
g = 0.

Hint. Use the continuity of the trace operator.



The converse to Exercise 20 holds but is far from trivial.

Proposition 3. Let Q) be a bounded open set with C' boundary. Then
Wy (Q) = {u e W (U) : Tu=0}.

The proof is very technical, see || page 274 for the details.

Being able to approximate functions in W(f” P(U) by smooth functions com-
pactly supported inside of U gives us many more tools. For example, a
function u in VV(/;‘C P(U) can be extended by zero to obtain an element @ in
WFP(R?) even for non-smooth unbounded domains.

Exercise 21 (Extension trace 0). Let U be an open set, and define

_ u onU
U= )
0 onU*¢

Then
E:-WPPU) —» WF(RY); uw—T
is a linear with ||E|| = 1.
Hint. Tt is immediate that [[ullyyusge) = [[@llyro@ for v € CZU). As a

result, we can extend F by density to the closure C°(U) in W*P(U). Which
by definition is W™ (U).

Observation 4. The fact that we can extend functions in Wé’c’p(U) for arbi-
trary U allows one to derive results that when stated for the whole of WP (U)
require U to be smooth so that it is possible to extend U.

Exercise 22 (Integration by parts 1). Let U be any open set and consider
u € Wy (U),v € W' (U) then

[ @y == [ o

Hint. Give yourself an epsilon of room and take limits.



Exercise 23 (Integration by parts 2). Let Q be a bounded open set of R?
with C* boundary and consider u € W'P(Q),v € W' (Q) then

/(@u)v: —/u@w—i—/ uvn; d.
Q Q 80

Where n is the outward pointing unit normal vector to 0f).

Hint. Give yourself an epsilon of room, apply the divergence theorem and
take limits.

10 Sobolev embeddings and inequalities

Sobolev inequalities are relationships that bound the norm of u in different
function spaces depending on how differentiable and integrable u is. For
example, such a relationship could look like

||U||lep*(ﬂ) < ||u||Wk«P(Q)‘ (11)

By considering the rescaling u(Az), performing a change of variables, and
taking A\ to oo we see that for such a relationship to hold it is necessary that

d d
| ——=k—-. (12)
p p
The case k = [ + 1 gives rise to the following definition
Definition 14. The Sobolev conjugate of 1 < p < d is p* defined by
1 1 1
pr p d
Note that p < p*. The idea behind inequalities such as (11) is to cash in some
differentiability for some integrability. The main results used to do this are

based on the fundamental theorem of calculus. First, we need the following
lemma.

Lemma 2 (Loomis-Whitney inequality). Letd > 1, let f1,..., fs € LP (R*?)
for some p € (0,00], and define

d
Fd(:zzl,...,xd) = :l_‘[fz (3717--~;xi71737i+17-~~7xd) .
i=1


https://en.wikipedia.org/wiki/Divergence_theorem#:~:text=space%5Bedit%5D-,We,-are%20going%20to%20prove

Then,

d
1Eall o j(a—1) HllszLp Ri-1) (13)

Proof. The case d = 2 is immediate by Fubini. The general case follows from
induction on d . We write (z1,...2441) = (2, Zg441)

d
||Fd+1||Lp/d(Rd+l) = (/ (/d Fd(x)gfd+1(x’)§ df) dxd+1> (14)
R \JRd
a1 7
< (/ (/ Fd(x)dpldf) d$d+1) ||fd+1||LP(Rd)
R \JRd

d ;
< </}RH ||fz‘(xd+1)||ip<Rd) dxd+1> HdeHLP(Rd) (15)
i=1

Where in the first inequality we applied Cauchy-Schwartz with ¢ = d/(d —
1),¢" = d. Now applying the general version of Holder’s

|| I < il - gl Loy
ggn < g ...g n; R e — — .
! 2 Hizm Hize P1 Pn
t0 g5 1= 1) o) € LUR) gives
d d
/ 1o < lo:ll e

R;—1 i=1

Substituting into (14) concludes the proof. O

Using the Loomis-Whitney inequality and the fundamental theory of calculus
gives us our first Sobolev inequality

Theorem 10 (Sobolev-Gagliardo-Niremberg). Given 1 < p < d it holds that

“uHLP*(]Rd) S ||VU’||LP(]Rd)' (16)



Proof. By density (see Theorem 4), it is enough to take u € C>°(R?). Ap-
plying the fundamental theorem of calculus gives

= / O; Ju|™ da; < / ™ O] Aoy =: f;, Vi=1,...,d.
—00 R
Multiplying all these inequalities together gives
d
<]
i=1

Applying the Loomis-Whitney inequality (13) “with p = 17 and Holder’s
inequality shows

d
_ d
HUHLmd/(d 1) (Rd) H ||Um 181'UHL1(Rd) < ” HL(m D’ (Rd) HVUHLP(RdﬁRd) (17)
=1

It remains to choose m such that

md (d—1)p* dp—p

g—1 (m=lp " d d—p =
Substituting into (17) gives
m 1
[l e (Rd) ~S ”uHLp*(Rd) ||VUHLP(]Rd—>Rd)'
This concludes the proof. O
Exercise 24. Given p < % define p** by p,{* = % — %. Then,

[l o ey S Hvku”LP(Rd)

Hint. Apply induction on k using Theorem 10.

The result can also be further generalized An estimate for the endpoint d = p
can also be achieved

Theorem 11. It holds that

Wh4(RY) — LYRY), Vg€ [d,+00)


https://en.wikipedia.org/wiki/Gagliardo%E2%80%93Nirenberg_interpolation_inequality

Proof. Setting p = d in our estimate (17) gives

et Font a1y ety S el om0 gty | V0l ey

Applying Young’s product inequality with p = - p’ = m and using that
raising to a power is convex gives

||u||Lmd/(d—1)(]Rd) S ull pon-vasa- H(Re) T IVl 1a (RI—Rd) 1 vm=>1. (18)
Taking m = d above gives
HuHLd2/<d,1)(Rd) S ||u||wl,d(Rd)-

We also trivially have [lu[|paga) < [lullyrage) so by interpolation we can
extend the inequality to

d2
lolles, S lalhwnogusy V€ |d 7] (19

We now iterate, taking m = d + 1 gives
||U||L<d+1>d/(d71>(Rd) S ||u||Ld2/(d—1)([Rd) + ||vu||Ld(Rd_>Rd)

Which combined with (19) and interpolating gives

d+1)d
e b et
Iterating this process (taking m =d+2,...,m =d+ k in (18)) shows that
(d+k)d
il S Nl Vo € [d sp R
From this, we conclude the result. [

Exercise 25. It holds that
Whi(RY) — LYR?), Vq € [d/k, +00)

Hint. Use induction on k& with Theorem 11.


https://en.wikipedia.org/wiki/Riesz%E2%80%93Thorin_theorem#:~:text=%5Bedit%5D-,First,-we%20need%20the

Note that the constant in our above estimate blows up on iterating. As a
result, we do not expect

WHRY) — L®(RY).

This holds if and only if d = 1. Otherwise, we require more integrability.
However, this extra integrability can be converted into regularity in the style
of Sobolev spaces. First, we recall the following definition

Definition 15. Let U C R? be open and v € R, we define the Holder
space

CFY(RY) = {u € CHU) : ullprrgy < oo} .
Where the Holder norm is defined as

lu(x) — u(y)|
ullcoqy == sup ————Fm—
e ) z#Yy€ERY |ZL‘ - y|7

[ullcrn @y = Nl rn + D 1D ullcon @) -
|a|=k

For v = 1 the C*" is the space of functions with bounded derivatives up to
order k£ and whose k-th order derivatives are Lipschitz continuous.

Theorem 12 (Morrey). Let p > d and set v =1 — %. Then, the following
inclusion is continuous

WP (RY) < C(RY).

The proof is technical and can be found in [3] page 282.
As is logical, as p approaches d from above the extra differentiability we get
goes to 0. Furthermore, no matter how much integrability we cash in, we can

never get more differentiability than we started with, so v — 1 as p — oo.
Exercise 26 (Sobolev regularity). Let p > d and set v =1 — %. Then, the

following inclusion is continuous

WEP(RY) — C*7(RY).


https://nowheredifferentiable.com/2023-01-29-PDE-1-Fourier/#:~:text=.%C2%A0%E2%97%BB-,As%20a%20corollary,-of%20this%2C%20we

Hint. This holds for the case £ = 1. We now proceed by induction. Since
Vu € WE=LP(R? — R?) by hypothesis of induction we obtain
d

Vu e CHIR 5 RY;, Fi=k—1—-.
p

In consequence,
u e CF (R = CF(RY).
Combining the three results gives

Theorem 13 (Rellich-Kondrachov). Let Q either be R? or bounded with C*
boundary, then following inclusions are continuous

WhP(Q) — LY(Q), Vqe[1,p") and p <

WEP(Q) — L7(Q), Vg € [p,o0)

=
S
U
iS]
I
E S Y

WHEP(Q) — CF(Q) — C*(Q2), and p >

Where p** is defined by the relation # = % — S and v = 1 — B Further-
more, the first, second, fourth, and third composed with fourth inclusions are

compact.

Proof. The fact that the above inclusions are continuous follows by our three
Sobolev inequalities in Exercises 24,25,26 together with the extension theo-
rem 7.

The compactness of the embeddings requires reduce to showing that the unit
ball in each of the embedded spaces is equicontinuous.

1. For the first inclusion we will use Fréchet-Kolmogorov’s theorem. First
we note that we can suppose ¢ > p as LY(2) — LP(Q2). Let By be the
unit ball in W*?(Q). By continuity of the inclusion B; is bounded in
L49(€2) and it only remains to show that B; is equicontinuous. We have
that

I = ull poy < IVullpogey 1B, Yu € WH(Q).

Where the above is known to be true for smooth functions by the
fundamental theorem of calculus and extends by density to W*P(()


https://en.wikipedia.org/wiki/Compact_embedding
https://en.wikipedia.org/wiki/Equicontinuity
https://en.wikipedia.org/wiki/Fr%C3%A9chet%E2%80%93Kolmogorov_theorem

(we recall translation is continuous on L? for p < oo). The above also
holds for p** and since p < ¢ < p** we can write

17(1 11—«

g p pk

By interpolation we obtain that
1- 1,
lrvas = ul sy < IVl [Vl g [B]. V€ WH2(92).
This shows equicontinuity and concludes the first case.
2. The compactness of the second inclusion is proved identically.

3. For the compactness of the last inclusion we use Arzela—Ascoli theorem
on a “derivative by derivative basis”. By definition of Holder norm,

|D%u(z) — Du(y)| S llullcrgay [ =yl Via| <k
| Du(x) = Du(y)| S llullcrn ey |z =yl V| = k.

As a result, for each |a| < k the family
A, = {Do‘u cu € B C Ck”(ﬁ)} ,

is equicontinuous. So by Arzela—Ascoli we may extract a sequence u,
such that D®u, converges uniformly to some u(®). By the fundamental
theorem of calculus we conclude that u(® = D and as a result
u, — u € C*(Q). That is, the unit ball B; C C*" is sequentially
compact and thus compact when embedded in C*(2). This proves this
point.

4. The composition of the inclusions on the last line is compact as the
composition of a compact and a continuous operator is compact. This
concludes the proof.

]

The main utility of all these compact embeddings is that given a sequence u,,
whose derivatives are bounded in certain LP norms we can extract convergent
subsequences in appropriate spaces. We end this post (modulo appendices)
with one of the most useful inequalities which we will make use of in future
posts


https://en.wikipedia.org/wiki/Riesz%E2%80%93Thorin_theorem#:~:text=the%20sumset%20formulation.-,Riesz%E2%80%93Thorin,-interpolation%20theorem%C2%A0%E2%80%94%C2%A0
https://en.wikipedia.org/wiki/Arzel%C3%A0%E2%80%93Ascoli_theorem#:~:text=%2C%20%C2%A7IV.6.7

Theorem 14 (Poincaré inequality). Let u € Wy (U) where U is bounded in
one direction. Then

HuHWl»P(U) <C ||VUHW17P(U—>Rd) :

Proof. By density (which holds by definition of W, ?(U)) of it is sufficient to
reason for u € C°(U) and pass to the limit. By relabeling we may suppose
U is bounded along the =, axis. That is, for some finite a < b

U c R x [a,b].

The idea is to use the fundamental theorem of calculus together with the
compact support of u. This allows us to rewrite

/ Dqu(z’, tdt‘ (/ |0qu(x’ 1) dt) (:L’d—a)i’.

Taking LP(R?) norms above gives

ju(@)| =

/ . i

p+p
(b—a) ¥ < ||vu||LP(Rd—>Rd) :

||U'||LP(]Rd) < HaduHLP(Rd) ZTPI

This concludes the proof. O

A Convolutions and regularization

The convolution of two functions f, g can be thought of as “blurring” f by
averaging it against ¢g. In the case where g is smooth, this blurring has
the effect of smoothing out any sharp edges and irregularities in f. This
allows us to approximate irregular functions by smooth ones and serves as
an important technical tool in our analysis.

Definition 16 (Convolution of functions). Given f and g we define the
convolution of f,g to be the function f x g

frg:= /f(y)g(x —y)dy (20)

The definition given by (20) is purposefully vague. We still need to specify
what spaces f, g belong to so that fxg is a well-defined element (of a further
unspecified space). This can be done as follows.



Proposition 4 (Young’s convolution inequality). Consider the definition in
(20) and let p,q,r € [1,00]. Then it holds that

1. If f € LY(RY) and g € LP(RY) then f x g € LP(R?) with
1 *gHLP(Rd) < ||f||L1(Rd) HgHLP(Rd)'

2. Suppose that

1 1 1
4 -=1+-; felIPRY; ge LYRY.
p g r

Then f x g € L"(R?) with
|f* 9||U(Rd) < ||f||LP(Rd) ||9||Lq(Rd) :

In any of the above cases fxg=g=x* f.

Proof. The first point follows from the triangle inequality for the Bochner
integral (in this context this is also called Minkowski’s integral inequality) as

To see the second point fix f and define the linear operator Trg := f * g.
Then, for g € L'(R?) and g € L¥'(R?) respectively

fwe—way| < / 1F@)9C = ) Al ogaey = 1l 191 o
Rd LP(R9) Rd

||Tf9||Lp(Rd) < ”fHLp(Rd) HgHLl(Rd) ; ||Tf9||Loo(Rd) < ||f||LP(]Rd) ||g||LP’(]Rd) .

Where the first inequality is point one and the second follows from Cauchy
Schwartz. Now applying Riesz-Thorin’s interpolation theorem concludes the
proof. O]

The definition of convolution can be extended to even more settings, for ex-
ample, suppose that g is the density of some finite (possibly signed) measure
1 and f is bounded, then

fru(r) = fxg(r) = » flx—y)gy)dy = g flz —y)du(y).


 https://en.wikipedia.org/wiki/Riesz%E2%80%93Thorin_theorem#:~:text=the%20sumset%20formulation.-,Riesz%E2%80%93Thorin,-interpolation%20theorem%C2%A0%E2%80%94%C2%A0

Definition 17 (Convolution of function with measure). Let p be a finite
signed Borel measure on R and f € LP(R?) then we define the convolution

Frnte)i= [ fla=nduly) € (RS

Note that, once more by the triangle inequality, the convolution is well-
defined with

|f NHLp(Rd) < Hf”Lp(Rd) el -

Now, if we consider f, g to be the densities of some finite (signed) measures
i, v then we obtain that for bounded h

sy = [ h@)feg@de= [ [ nesprag)dedy ()
Rd Re JRd
— [ s e )
R4 x R4
That is, the convolution of p with v is the pushforward of the product mea-

sure 4 ® v with the sum S(z,y).

Definition 18 (Convolution of measures). Let u, v be two finite signed mea-
sures on B(R?). Then the convolution of ju* v is the pushforward

pxv:i=S#HpRv).
The language of random variables can give some good motivation for this

Example 3. Let X, Y be random variables with law p, v then X +Y has law
pxv. Furthermore, iof X, Y are independent and p, v are absolutely continuous
with densities f,g then X +Y is absolutely continuous with density f x g.

Proof. The first part is by definition of pushforward. To show that p* v has
density f * g it suffices to read the reasoning in equation (21) backward. [

Through the random variable interpretation, we also see that if u, v have all
their mass in A, B then their convolution must have all its mass in A + B.
That is,

Lemma 3. Let f, g, i, v be such that the convolution is well-defined. Then

supp(f * g) = supp(f) +supp(g); supp(u *v) = supp(u) + supp(v).


https://en.wikipedia.org/wiki/Pushforward_measure

Proof. This follows directly from the definition of convolution. O

One technical point is that to define the convolution of two objects it is
required that they be defined globally. For example if U C R? we can’t
convolve f € LP(R?) with g € L;(U) as the integral

g fy)g(r —y)dy

requires we evaluate f on all of R, One workaround is, if ¢ € L'(R?) with
supp(¢) C B(0,¢€) we can extend f to be equal to some g € LP(R) outside
of U

< f(x) relU
I {mm v g U

Then, the convolution f * ¢ is well defined and equal to
Frotw)= [ fwot-ndy+ [ g g)dy
B(z,e)nU B(z,e)NU¢

As we can see, the convolution in general depends on how we extend f outside
of U. However, it is independent of the extension for x in

U:={zxeU:d(z0dU) <e}.

With
MM@=/ fW)ole —y)dy, Ve U.
B(z,e€)

For this reason, we will employ the following notation.

Definition 19. Given f € LP(U) and ¢ € L*(R?) with supp(¢) C B(0,¢)
we define fx ¢ € LP(U,) as

f*M@?jé()ﬂwa—wdy

Convolution of distributions with test functions can also be considered. A
similar reason to previously leads us to the following definition



Definition 20. Let T € D'(R?) and ¢ € C®(R?). Then we define the
convolution T * ¢ € D*(R?) by

Txp(@) = T(Fx6) where 3(x) = p(~2).

In the above we can also swap all occurrences of C°(R%) and D’'(R?) by
S(R?) and S'(R?) respectively. An interesting fact is that the convolution of
a distribution with a function is itself a function.

Proposition 5. Convolution of distribution and test function is smooth:
1. Let ¢ € D(RY),w € D'(R?) then w* ¢ € C2

loc

(RY).

(RY).

2. Let p € S(RY),w € §'(R?) then w* p € C°

loc

The previous definitions all go through word by word in the case where we
substitute the domain from Euclidean space R? to a LCA group with Haar
measure . For example

frg(x):= /Gf(y)g(x —y) du(y).

A typical case is when G = T with the Lebesgue measure or G = Z? with
the counting measure. These respectively give

frg@) = | fwgl@—y)dy; frgk):= > FGglk = ).

The same results are also obtained. In fact, save the commutation fxg = gxf,
the above results hold even if G is not Abelian. In this case, one considers
the left or right Haar measure. See for example [6] 444R.

B Smoothing in L?

In this section, we examine how convolution can be used to approximate
functions by smoother ones. This is of great practical use as it allows us to

1. Consider an appropriate space of functions for our problem, smooth or
otherwise.


https://nowheredifferentiable.com/2023-01-29-PDE-1-Fourier/#:~:text=Since-,every,-locally%20compact%20Hausdorff
https://nowheredifferentiable.com/2023-01-29-PDE-1-Fourier/#:~:text=Since-,every,-locally%20compact%20Hausdorff
https://en.wikipedia.org/wiki/Haar_measure#:~:text=%5Bedit%5D-,There,-is%2C%20up

2. Perform formal manipulations using the standard rules of calculus as if
all functions in this space were smooth and compactly supported until
we obtain a desired result.

3. Pass to the limit to recover the expression for the whole class of func-
tions.

A crucial tool in this program is the following:

Definition 21. We say that a family of functions {¢,}5>, C L'(R?) is an
approximation to unity if

e Norm 1: ||¢nHL1(Rd) = L.
e Decreasing support: supp(¢,) C B(0,1/n).
If ¢, € CX(RY) we say that ¢, are smooth.

Observation 5. The above definition is frequently also given letting the index
set range over € € Ry and taking supp(¢.) C B(0,¢€). This is equivalent and
simply leads to taking € — 0 instead of n — oo.

The first question is whether a smooth approximation to the identity exists.
In the following example, we answer this in the affirmative.

Example 4. Let p € CZ(RY) then

nd

Pn p(nz)

B ||<P|’L1(Rd)
is a smooth approximation of the identity. Additionally,

1

jf* — 1

olz) = exp( )1B<o,1> e C=(RY) (22)

By Proposition 4 (L*(R%), ) is a Banach algebra. However, it is a non-unital
one. That is there does not exist an element e such that

fre=f VfecLY(RY),

However, we will soon see that in a limiting sense, an identity for the convo-
lution exists. First, we need the following lemma.


https://en.wikipedia.org/wiki/Banach_algebra

Lemma 4. The space C.(R?) is dense in LP(RY) for all p € [1,00).

Proof. Consider f € LP(R?). If f = 1, for some measurable set A with finite
measure then, by the outer and inner regularity of the Lebesgue measure we
may take U, K open and compact respectively with U C A C K and

AE) — MA) < e.

Where we wrote u for the Lebesgue measure on RY. By Urysohn’s lemma
there exists a continuous function ¢ € C.(U) such that ¢ <1 and ¢ is 1 on
K. Then,

1/ = 90||Lp(Rd) <e

Since the space of simple functions is dense in LP(R?) this concludes the
proof. O]

The name “approximation of unity” in Definition 21 is justified by the fol-
lowing proposition.

Proposition 6. Let f € LP(R?) where p € [1,00) and consider g € C.(R?)
and an approximation to unity ¢,. Then it holds that

lim g* ¢, =g € C.(RY); lim fx¢, = f € LP(R?).
n—00 n—00

Proof. Consider ¢ > 0. Using that ¢, has mass 1 and is supported on
B(0,1/n).

geonte) o) = [ (6= 1) ~g@)outr)dy

Now taking norms and n large enough gives

19 % &n = 9l Lo may < /B(O 5 19(- = y) = gll e ey Pu(y) dy < €. (23)

n

Where in the last inequality we used that g is uniformly continuous and ¢,
has mass 1. Since € > 0 was any, this shows the first part of the proposition.
We now prove the second part. By Lemma 4 we can choose g such that

lg — fHLP(Rd) <€


https://en.wikipedia.org/wiki/Urysohn%27s_lemma#:~:text=for%20any%20two-,non%2Dempty,-closed%20disjoint%20subsets

Now, since K,, := supp(g* ¢,) C K + B(0,1/n), whose measure is bounded
by some M > 0, the inequality in (23) shows that

”g * ¢n - .gHip(Rd) S / eP dy S MEéEP.

KTL

Now using the triangle inequality and Young’s convolution inequality 4 gives
|f * én — fHLP(Rd) <|[[(f—g)* ¢TLHLP(]R4) + g * ¢ — g”Lp(Rd)
1
+ Hg—fHLp(Rd) Set+Mrete
This shows the second part and concludes the proof. O

The question is why would we want to approximate a function by its convo-
lutions with some smooth functions the answer is given in the following two
results.

Proposition 7 (Smoothing effect). Let f € L. (R?) and ¢ € C>(R?). Then
[ *¢ e C°(RY) with

DY(f x¢) = f*x D, Vo eN.
Furthermore, if f is compactly supported then f * ¢ € C(R?).

Proof. By induction, it suffices to consider the case D* = 0; for some 1 <
t < d. This case can be proved by a differentiation under the integral sign
as, given |z| < M

O f ()0(x = y) < FW) 10l goo (1) L B0 (y) € LH(RY)
Where K is the support of ¢. ]

Observation 6 (Local smoothing). The smoothing effect also holds when f
is only defined on some open set U. Then, with the notation of Definition
19, fx ¢ € C°°(U.) with an identical proof showing

D(fx¢) = f* D% on U..
Theorem 15. It holds that
Ce(RY) = LP(RY);  Cx(RY) = Co(RY).

Where the closures are respectively in the LP(R?) and the uniform topology
(given by ||| )-


https://nowheredifferentiable.com/2023-01-29-PDE-1-Fourier/#:~:text=Proposition%202%20(-,Differentiation,-under%20the%20integral

Proof. This follows immediately from Proposition 6 and Proposition 7. [J

Exercise 27. Let U be an open subset of R?, show that

Ce(U) = LA(U);  Cx(U) = Ce(U).

Hint. Let f be the non-smooth function to approximate, multiply it first by
a mollifier n, € C°(U) equal to 1 in V,, C U (see Example 5). Convolve to
get

Pn = (1) * pn.
Show as in Theorem 15 that (,, converges appropriately.
The above can be generalized to non-Euclidean spaces

Theorem 16. Let (X, p) be a measure space such that X is locally convex
and Hausdorff and p is inner and outer reqular. Then

C.(X) = LP(X).

Suppose additionally that X is a group, that p is the left or right Haar mea-
sure, and that there exists an approximation to unity ¢, on X. Then

Ce(X) = LP(X);  Cx(X) = Co(X).

Proof. The first part can be proved by the same method as in Lemma 4 (note
that Uryshon’s lemma still holds for LCH spaces). The second part follows
by copying the proof of Propositions 6 and 7. [

The assumption of the existence of an approximation of unity is perhaps the
most delicate, but it can be applied for example in the following case.

Corollary 1. It holds that
Co°(Td) = LP(T?); C°°(T4) = C(T%).

Note that the second part of Corollary 1 also follows from the Stone-Weierstrass
theorem. Similar results hold in the space of distributions.

Proposition 8. Let T € D'(R?) and ¢, be an approximation to unity. Then
lim T * ¢, = T € D'(RY).

n—oo

As a result, C=(R?) = D'(RY).
The proof can be found in |1| page 308.


https://planetmath.org/ApplicationsOfUrysohnsLemmaToLocallyCompactHausdorffSpaces
https://en.wikipedia.org/wiki/Stone%E2%80%93Weierstrass_theorem
https://en.wikipedia.org/wiki/Stone%E2%80%93Weierstrass_theorem

C Global to local and back again

Often it is advantageous to work locally and then reason in the general case
by some kind of approximation. A useful tool in this respect are bump
functions.

Definition 22. A bump function (also called cutoff function) is a func-
tion n € C2(R").

Constructing bump functions that have some desired support is a tool we
use frequently throughout. Here we provide two examples to show how this
may be done. Other constructions are of course possible.

Example 5. Given two open sets V,U with V € U there exists n € C>°(R?)
with support in U, equal to 1 on V and with 0 <n < 1.

Proof. Since V € U, there exists a compact K with
VcKcU; d,:=dUNK)>0;, dy:=dV,K)>D0.

Now, by Urysohn’s lemma there exists a continuous function f € C.(R"™)
such that 0 < ¢ <1 and ¢ is 1 on K. If we now take an approximation of
unity {¢,}.—, and choose N large enough so that min {dy,dy} > + we can
obtain the desired function as n = f * ¢y. O]

Example 6. There exists a sequence of 1, € C(R?) such that

(z) = Lif Jz[<n
M ZN0 i o >om

And ||77nHCk(Rd) < ||771H

Proof. Let n; € C(RY) be any (for example that of (22)). Then we can
take n,(x) == n(x/n). O

In the opposite direction. One is often in the situation where it is possible to
derive some local properties for a given object (think manifolds). To recover
a global result one needs some way to piece together the local results. A
useful tool in this respect is partitions of unity.

Definition 23. Given a manifold M and an o pen covering {U,}acs of M
we say that {p;}icr is a partition of unity on {U,}acs if:


https://en.wikipedia.org/wiki/Urysohn%27s_lemma#:~:text=for%20any%20two-,non%2Dempty,-closed%20disjoint%20subsets

1. supp(p;) C U, for some a € J.

2. For each x € M, it holds that © € supp(p,) for only a finite amount
of v € I.

3. Yierpi =1

Partitions of unity are often used in differential geometry as follows

1. Work in some open subset R™ (or the upper half space R if our mani-
fold has boundary) to prove the existence of some object g with desired
properties.

2. Cover the manifold M with coordinate charts U, and translate the
euclidean result via the identification with U, to obtain locally defined

Ja-

3. Obtain a globally defined object g by using the partition of unity to
piece together the local objects

9= Paba-

ael

In addition to the approximation and extension theorems in Section 8, par-
titions of unity can be used to show that: every manifold has a Ricmannian
metric, show that a function is smooth on some none-open set S C M iff it
is the restriction of a smooth function defined on a neighborhood of .S, prove
the existence of an outward pointing vector on manifolds with boundary,
define integration over an orientable manifold M, prove Stoke’s theorem.

Theorem 17. Let M be a smooth manifold (in particular we assume M
is Hausdorff), then every open covering {U,} has a partition of unity

{pn}zozl'

The proof is based on the existence of bump functions (something we have
already proved for R?) and is straightforward in the case that M is com-
pact. The general case can be reduced to the compact setting by obtaining
a covering by relatively compact open sets {U;}.-, of M such that

aceJ

Vi @ Vii1.

And then working with the compact Viy; \ Vi. See |7] Appendix C for the
details.


https://en.wikipedia.org/wiki/Riemannian_manifold
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D Manifolds with boundary

We will be defining differential equations on open domains 2 C R”. In this
case Q will be a “manifold with boundary” whose regularity will determine
what results we have access to. The prototypical example of a manifold with
a boundary is the upper half space

HE = {$:(x1,...,$d)€Rdixd20}.

Here the inequality is not strict so that the boundary of H? is included in
itself. Since H? is not open we need to define what is meant by saying that
a function is differentiable on such a set.

Definition 24. Let S C R? be an arbitrary set. We say that a Junction f :
S — R is k-tames differentiable at p if there exists a function f : R? - R
which is k times differentiable at p and such that f = f on S.

Definition 25. If [ is k-times differentiable at every point of S we say that
f e CrS).

Exercise 28. Show that f € Ck(S) if and only if there erists an extension
f € C*RY) of f which is equal to f on S.

Hint. Use a partition of unity.

A manifold with boundary M is just a generalization of H?, where we impose
that M is “locally equal” to H?. That is, there exists a covering of M by open
sets V, and a collection of homeomorphisms with the subspace topology
from H¢

D, : Vo = d(V,). (24)
And where for compatibility we impose that for each «, 8 the function
Pgod ! D, (VN V) — $s(V, N Vp). (25)

Are diffeomorphisms on H? (again with the subspace topology). Here A =
{(U,, ®,)} is an atlas of M. We say that A is C* if the diffeomorphisms in
(25) are C* (see Definition 24).

Definition 26. We say that (M, A) is a C* manifold with boundary if
M is a second countable Hausdorff space and A is a C* atlas.



The boundary of M is its points that are mapped to the boundary {z4, = 0}
in He

Definition 27. Given a point p € M we say that p is a boundary point if
for some (and thus every chart) ®,(p) € OHL. We call the set of all boundary
points the boundary of M and denote it by OM.

Exercise 29. Show that the restricted atlas ®,|,,, makes OM a d — 1 di-
mensional manifold without boundary.

Hint. By definition of boundary
Polops i Va N M — OHTH ~ R (26)

And the coordinate changes are C* as the restriction of a C* map is C*.

In our case we will always take M to be a subset of R?, in this case, dif-
ferent variations of the above definition are possible. For example, by the
inverse function theorem and Exercise 28, we can extend the functions @, to
diffeomorphisms on U, open in R? so that (24)-(26) now read

Dy Uy = 0(U,); ®o:UsNM S 04U, NHE (27)

Additionally, by the implicit function theorem there exists for each coordinate
set U, functions v, € C¥(R?!) such that, relabeling the coordinates and
decreasing the size of U, if necessary,

OMNU, ={2 €Uy :x4="a(x1,...,24-1)} (28)

Let us write z = (2, z4), by the Taylor expansion

Bali' e') +6) = Ba(0) + 5= @)e + O(elP),

We deduce that, once more reducing the size of U, if necessary and depending
on the sign of 9;® on U,, one and only one of the following two hold

(MN\NOM)YNUy ={x €Uy :xq > ValT1,...,2a-1)} (29)
(M\NOM)YNU, ={2 €Uy : g < Yalx1,...,Tq-1)}.
The equivalent formulations in (27) and in (28)-(29) are used in the main

exposition. Finally, in our case, we will typically take M = Q where Q C R?
is some open set. In this case, we adopt the following terminology.



Definition 28. We say that an open set Q C RY has C* boundary of Q is
a C* manifold with boundary.

In the above case, the topological and manifold boundaries of {2 necessar-
ily coincide as homeomorphisms map topological boundaries to topological
boundaries.
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