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1 Three point summary

1. There are three ways to define Sobolev spaces with fractional regularity s and integrability p:

a) The spaces W*P(Q2), B>P(§)) are defined by using the analogous to the definition of
Holder spaces. Both spaces are equal when s is not an integer.

b) The space H*P(Q) is defined by using the Fourier transform and coincides with W*P(Q)
for integer s.

c) All these spaces coincide with H*(Q2) when p = 2.

2. There is a natural correspondence between negative regularity and the dual. Additionally,
negative regularity can be obtained by differentiating functions with higher regularity.

3. Fractional sobolev spaces appear naturally in the study of PDEs. For example, the trace of
Sobolev functions W*P () is equal to the fractional space B*~1/PP(9€Q). And finer embeddings
and regularity results can be obtained by using these spaces.

2 Introduction

In previous posts, we covered the theory of Sobolev spaces WP (Q) where k is an integer. In the
case k = 2 and when Q = R? we saw that this space coincided with H*(R%). Furthermore, we also
saw how to define H*(R?) when s was any real number. This motivates the following two questions.

1. How can we define H*(2) when Q is not R? and s is not an integer ?

2. Is it possible to extend such a definition to other orders of integrability p?

In this post, we aim to answer these questions. We will see that both of these questions can be
answered in the affirmative. If the domain €2 is smooth enough, the first point can be resolved by
restricting functions in H*(R%) to Q. The second point is trickier and, in fact, like any good trick
question, has multiple answers. Three, to be precise. This leads to the theory of Bessel spaces,
Sobolev-Slobodeckij spaces and Besov spaces

HP(Q), WP(), B>P(9).

We will cover the basic properties of these spaces as well as their relationship to each other with
a special focus on W*P(§2) which is the most widely used. We will see how these spaces can be
used to obtain finer regularity results, such as in the trace theorem or Sobolev embeddings. The
material in this post is mostly based on [1], [2], [3], [4]. The material can be quite technical, and
there are multiple 800 plus page books on the subject, so in many cases, we will state the main
results, providing references for the proofs, as well as proving some of the more tractable results.
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2.1 Preliminaries

In terms of notation, we will always denote U by an arbitrary open subset of R? whereas Q C R?
will be open with a smooth enough boundary (in a sense to be made precise later).

We make frequent use of the fact that, as shown in a previous post, functions in LP(U) can
be identified as elements of the larger space of distributions D'(U) := C°(U)’. This is done by
identifying a function f € LP(U) with the linear functional

Tf:qbr—)/Ufgbd:c.

This identification between f and Ty allows us to extend by duality operators that are defined on
C>®(U) to LP(U). For example, given u € LP(U) € D'(2) we can define its Fourier transform Fu
and a-th derivative D®u to be the distributions defined by

(¢, Fu) i= (Fp,u), (o, D) i= (=1)I*(D%,u), Vi € CZ(U).
The above definition is justified by the fact that if it turns out that u is smooth and integrable
enough after all, this coincides with the usual definitions of F, D®.

3 Fractional Sobolev spaces: three definitions

The definitions developed in the next three subsections can be found in [2] page 222.

3.1 Sobolev-Slobodeckij spaces

Definition 3.1 (Sobolev-Slobodeckij spaces). Let s = k + v where k € Ny, and v € [0,1). Then,
given p € [1,00) and an arbitrary open U C R we define

WSP(U) = {u e WHP(U) : lfullyyemer) < oo} :

where

S

[D®u(a +y) = Du()P
[ r— ||u|r€Vk,p(U)+|lzk L] = awdy| .

For p = oo, we define W5>®(U) := C*7Y(U). The norm is then given by

[Du(z) — D%u(y)]
[ellwssce @y = llullex@y + sup :
weew) M) |az::k z,yeU,aty |z —y|7

We will later define W*P(U) also for negative s (see Definition 4.2). We observe that the above
definition coincides with our usual definition of Sobolev space when s = k € Ny and mimics that of
the Holder spaces, coinciding exactly when p = oc.

Exercise 1. Show that W*P(U) is a Banach space.

Hint. To show that || - [|yys.»(1r) is @ norm apply Minkowski’s inequality to u and to
Du(x +y) — D%u(x)
fu(z,y) = d, .
yr!

Given a Cauchy sequence show that, since LP(U) is complete, u,, — u in LP(U) and that f,, — fu
in LP(U x U) to conclude that u, — u in W*P(U).
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Though the Sobolev-Slobodeckij spaces can be defined for any open set U, they are most useful
when U = R? or U is regular enough. Otherwise, basic properties such as the following break down

Proposition 3.2 (Inclusion ordered by regularity). Let Q be an estension domain for WP, Then,
forpe[l,00) and 0 < s < s’ it holds that

WP (Q) < WP(Q).

The proof can be found in [3] page 10. The regularity of the domain is necessary to be able to
extend functions in WP(Q) to WHP(R%). The result is not true otherwise, and an example is given
in this same reference.

3.2 Bessel potential spaces

We now give a second definition of fractional Sobolev spaces through the Fourier transform. Here,
it is immediately possible to define everything for negative s.

Definition 3.3. Let s € R and u € S'(RY). We define the Bessel potential operator A® by
A= FH((€) u(g)).

In the definition above, we used the notation (£) := /1 + [£|2. As we saw when we studied
Sobolev spaces through the Fourier transform, using the fact that F is an isometry which transofrms
differentiation into polynomial multiplication

ue HY(R?Y) < Arue L*(RY). (2)
Equation (2) motivates the following extension to general p.

Definition 3.4 (Bessel potential spaces on R? ). Let s € R and p € (1,00), we define the Bessel
potential space

H*P(RY) = {u e S'(RY : Aue LP(Rd)} :
and give it the norm
[l grs.p(may 7= (1Al o gy -
By construction, H*?(R?) = H*(R?).

Exercise 2. Show that ASA” = AS™". Use this to show that the following is an invertible isomor-
phism

A" H™H9P(RY) 5 H5P(RY).
Hint. Use that (£)° (€)" = (€)°"" and show that the inverse of A™ is A",

We now extend this to open domains

Definition 3.5 (Bessel potential spaces on Q). Let U C R? be smooth. We define
H*P(U) := {u e D'(U) : there exists v e HP(R?) with vy = u} ,
and give it the norm

lll oy = inf ol oy = 0l =}
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The restriction v|; above is in the sense of distributions. That is, we define u := v|;; by

(¢, u) = (¢,v), Vo e CFU).

Observation 1. It is tempting to define [lul|y.p(y) = [[A*0| 1p(y- However, since the Fourier
transform, and thus A%, is a nonlocal operator, the norm would depend on the extension v of u to
R? and be ill-defined.

Observation 2. It would also make sense to define H*P(U) through complex interpolation. This
is likely different from the above definition, however, as we will later see, this will coincide with
the definition above when  is smooth enough (for example Lipschitz). See also [1| page 328 for a
similar remark.

3.3 Besov spaces

Definition 3.6 (Besov spaces). Let s = k_ + v where k— € Ny, and v € (0,1]. Then, given
p € [1,00) and Q C R? be an arbitrary open set we define

B (U) = {u € WE(U) : [[ull oy < 0}

where

[D*u(a +y) — Du(a)/"
Illaay = | W+ 22 L] e dzdy

For p = oo, we define BS>(U) := C*(U).

The above definition is extremely similar in form to that of the Sobolev-Slobodeckij spaces 3.1.
In fact, it is equivalent when s ¢ N. The difference is that in the definition of Besov spaces 3.6, we
require that v > 0. As a result, always k_ < s. We have chosen to indicate this fact by the index
“—” on k_. An equivalent definition is possible which extends the above to negative values of s

Definition 3.7 (Besov spaces, negative s). Let s € R and choose any o ¢ Ny with o > 0. Then,
given p € [1,00) we define

HUHBS’P(R"Z) = HAS_G“HWM(Rd)'
The requirement o > 0 is necessary as B5P(R?) # H*P(R?).
Exercise 3. Show that A" defines an invertible isomorphism
A" : B¥P(RY) = H"P(RY).
Hint. Use definition 3.7 and that WP(2) = B?P for non-integer o. Finally, A" has inverse A™".

The definition of B*P(R?) can then be extended to general open sets  and U in the same way
as for the Bessel potential spaces, once more the same observations apply.

Definition 3.8 (Besov spaces on Q). Let Q C RY be an smooth. We define,
B%P(Q) := {u € D'(Q): there exists v € B¥(R?) such that v|g = u} ,
and give it the norm

lull ey = inf { [Vl genray : vl =1}



Observation 3. Different authors use different notations for these spaces. For example, in [4], the
notation W*P(R%) := B*P(R?) is used. With this notation, one has that, for p # 2, and k € Ny,

WhP(RY) £ {u e D/(RY) : D% e LP(RY) Vla| < k;} — WhP(RY),.

This clashes with the definition of integer-valued Sobolev spaces, so we do not use this notation.
Other notations which can be found are the notation B*? = AL and H*P = £}. See [5] and [6].
3.4 Extension domains

Though it is possible to define fractional spaces for any open set, these are most useful when the
domain is regular enough. We begin by characterizing the set of extension domains for W#*P. The
following result can be found in [7] page 313.

Theorem 3.9 (Plump sets are extension domains). Let Q C RY be an open connected set, and
consider p € [1,+00], and v € (0,1). Then, Q is an extension domain for WYP(Q) if and only if
there exists a constant C' > 0 such that

Xa(B(z,7)NQ) > Cr?
for all x € Q and all 0 < r < 1. Where \g is the Lebesque measure on R?,
For higher orders of regularity, the following is sufficient: see [1] and [8] section 5.1.
Theorem 3.10. Let Q C R? be open with uniformly Lipschilz boundary and consider p € [1,00),s €
[1,00). Then, Q2 is an extension domain for WP H®P BSP,
3.5 Interpolation

Both the Sobolev-Slobodeckij and Bessel potential spaces can be viewed as a way to fill the gaps
between integer-valued Sobolev spaces. The following uses the concept of complex interpolation.
We will not go into detail as the results will not be essential to us, but merely serve as a nice way
to understand the relationship between the spaces.

Proposition 3.11 (Interpolation ). Let s1 # s2 > 0,p € (1,00), 0 < 0 < 1 and
s=s51(1—0)+s20, p=pi(1—0)+pab.
Then, given an extension domain §2 it holds that
H>P(Q) = [HP1(Q), H=P2(Q)]g,  B*P(Q) = [B*P(Q), B> ()],
where [X, Y]y denotes the complex interpolation space.

The result can be found in [4] page 45 for Q = RY. The general result follows by extension. In
particular, if we write k := |s| and v := s — k, then

H7(Q) = [HE(Q), B12(Q)| = [Dr(@), B ()]

s/(k+1)

_ [LP(Q), Bk“m(Q)} s’

0l

BH(E) = [B(@), B0)]
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4 Relationship between the definitions

The following result shows the inclusions between W*P (), H*P(§2), BSP(§2) and can be found in
[2] page 224 and in [5] page 155.

Theorem 4.1. Let s > 0,e > 0 and Q an extension domain for HT¢P BSTeP  Then,
HTeP(Q) € B¥P(Q) ¢ H*P(Q) Vp € (1,2
B¥teP(Q) c H*P(Q) C B*P(Q) Vp € [2,00),

where the above inclusions are continuous and dense. Furthermore,

HP(Q) ifs €Ny

WHP(Q) = {BS’P(Q) ifs¢ Ny

In consequence, for p =2,
H*2(Q) = W**(Q) = B>*(Q). (4)

The equality in (3) shows that, as long as we understand the behaviour of H*P(2) and B*P((),
we can completely determine that of W*P(€). It also justifies the following extension of W*P(2)
to negative regularity.

Definition 4.2 (Slobodeckij space negative s). Let Q C R? be an extension domain for H*P(Q), BSP(Q).
Then, given p € [1,00) and any s € R we define

H5P(Q)  if s € N

WHP(Q) = {BSJ’(Q) ifs¢ Ny

The equality for p = 2 in (4) justifies that, for sufficiently regular domains, all three spaces are
written H*(2). We will prove the left-hand side of this equivalence in Exercise 4. For p # 2, the
inclusions are, in general, strict. An example is constructed in [5] page 161 exercise 6.8.

Exercise 4 (Equivalence of fractional spaces). Show without using Theorem 4.1 that
Hs,2(Rd) — Ws’z(Rd).
Hint. We want to show that the norms are equivalent. That is, that

[l 2 ay ~ l[wllwe.2(ra) -

We already know this is the case when s is an integer, so it suffices to show that the norms are
equivalent for s =+ € (0,1). That is, that

s~ [ EPIFuE R Ve (0.1)

By Plancherel’s theorem and a calculation of the Fourier transform of the translation, we have

2, u(z +y) — u(y)|? A dy — [ F{u(z + ) - U}H%2(Rd) q

] ||

e 2T — 1P 1 — cos(27¢ - x) N
/R/R T QP dede= | ( /R s daz) [a(e)[* de.




To treat the inner integral, we note that it is rotationally invariant, and so, by rotating & to the
first axis and later changing variable x — x/ ||, we get

/ 1 — cos(27¢ - x) do — / 1 — cos(2m €| x1) de
Rd Rd

‘x‘d+27 |x’d+2'y
1 — cos(2mzy)
_ 2 1 2y

The last integral is finite as, since d 4+ 2y > d, the tails |{| — oo are controlled, and since 1 —

cos(2mxy) ~ 3 < |zf? the integrand has order —d + 2(1 — ) > —d for |£] ~ 0 . That said,

substituting this back into the previous expression gives the desired result.
Exercise 5. Use the previous exercise 4 to show that if {2 is an extension domain for H?®, then
HS2(Q) = W2(Q).

Hint. By definition 3.4 choose a sequence v, € H*2(R?) such that ||’UnHHs,2(]Rd) — HuHHs,z(Q) in
H?5(Q). Then,

HUHHSaQ(Q) = nh_{go anHHw(Rd) ~ nli_{go HUnHWs@(Rd) 2 Hunsﬂ(Q)-

To obtain the reverse inequality, use the existence of a continuous extension operator E : W*2(Q) —
W*2(R%) to obtain
ullys2 ) ~ 1 Bullyys2may = ull go2gay -

The above suggests that, for p = 2, the integrals appearing in the definition of the Slobodeckij
spaces 3.1 correspond to differentiating a fractional amount of times. This indeed is the case

Definition 4.3. Given s € [0,+00) and u € S(RY) we define the fractional Laplacian as
(—A)°u(w) = FH(|2n]* (€)).
Proposition 4.4. For v € (0,1) and u € H*(R?) it holds that

u(y) — u(z +y)
d+2 ’

(=AY u(x) =C
Ryl

where C' is a constant that depends on d,~.

Proof. The above equality may seem odd at first if we compare it with the integral in 3.1 where a
square appears in the numerator, which gives us our 2 in the 2. However, it is justified by the fact
that, by the change of variables y — —y,

/ u(z) — u(z +y) dy = / u(z) — u(z —y)
R4 R4

|y‘d+2'y |y‘d+2'y Y-

So, we can get the second order difference in the numerator by adding the two integrals.

u(y) —u(@+y) 1 [ ul@+y)—2u(z)+ulz—y)
/R d d /]R d dy. (5)

- d
ly| y| >

d+2vy 2

That said, we must show that

€ a(E) ~ F ( [ = dy>

|y




Using (5) and proceeding as in exercise 4.1 gives

u(z) — u(x +y) 1 / / e—2miyE _ o 4 o2miyé R
v dy| = = 1 .
</Rd |y|d+27 Y 2 Jpa Rd |y|d+2'y Y u(g) §

B 1 —cos(2my - &) N B 1 — cos 27ry1 25
-/ ( Lo dy> wede= [ o [
~ [E17a(e) dg

This completes the proof and shows that the explicit expression for C' is

1 1 — cos(2my1)
C= d
(2m)7 /R e

5 Dual of Sobolev spaces and correspondence with negative
regularity

Negative orders of regularity correspond to the dual of Sobolev spaces. This is best seen in the

integer case. We first introduce the notation W (U), Hy*(U), By*(U) for the closure of C°(U)

in WP(U), H*P(U), B¥P(U) respectively. We also introduce the notation p’ = p/(p — 1) for the

conjugate exponent of p. We then have the following result (see [9] pages 326-344 for the case
p=2).

Theorem 5.1. For all k € Z and p € [1,00) and Q an extension domain for WP, it holds that
He?(Q) = HM'(Q),  Wyr(Q) = wH(Q).

The first equality will be discussed in the next subsection and is most easily proven when Q =
RY, in which case one can use the corresponding A® : H™P(RY) = H™~%P(RY) together with the
reflexivity of LP(R?). The second equality is a direct consequence of the integer order equality
WHP(Q) = H*P(Q) of Theorem 4.1. For fractional order regularities, we have the following result,
which can be found in [2] page 228.

Theorem 5.2. Given s > 0,p € [1,00) and Q an extension domain, it holds thatl the spaces
WeP(Q), HP(Q2), B¥P(Q) are reflexive Banach spaces with duals

Ws,p(g)l _ Wﬁ—&p’ (Rd>7 Hs,p(Q>/ _ Hﬁ—&p/ (Rd), Bs,p(Q)/ _ Bésyp’ (Rd)

where given a space of distributions X on R% we define Xq as the space of distributions on R? which
are supported in Q. In particular, for Q = R?,

Ws,p(Rd)/ _ W—s,p’ (Rd), Hs,p(Rd)/ _ H—s,p’ (Rd), Bs,p(Rd)/ _ B—s,p’ (Rd).
Observation 4. Some authors define given s > 0
WP (Q) .= WP(Q). (6)

See, for example, [6]. The definition in (6) is equivalent to our definition when Q = R¢ or when
s € k. However, in other cases, the two definitions are not equivalent.



5.1 The dual of H*?(R?) and B**(R?)

For some motivation, we start by considering the case Q = R%. Note that, in this setting, Hg’p(Rd) =
H*P(RY).

Exercise 6 (Dual identification). Prove the identification H~%? (R%) = H*?(R%)’ for s > 0 and
p € [1,00).

Hint. Consider the mapping Ho_s’p/ (RY) — HyP(RY) given by f — ¢ where

) = [ (Wwah).

Show that this mapping is well-defined and continuous. To see that it is invertible, show that, by
duality, given ¢ € H*P(R?) and v € H*P(R?), it holds that

(u,£) = (A’u, A™°0).

Since A*u € LP(RY) we deduce that A=*¢ € LP(R?)’ and so by the Riesz representation theorem
there exists f; € L” (R%) such that A=*¢ = (-, f;). Show that the inverse of the previous mapping is

H*P(RY) — H™V(RY); L= (A fr) = A*f.

Exercise 7. We also know that since H S(Rd) is a Hilbert space, so by the Riesz representation
theorem, we have the identification H*(RY) = H*(R?)'. So by the previous exercise H*(R%) =
H*(R?%) How is this possible?

Hint. It does not hold that H—*(R%) = H*(R?). The problem occurs when considering too many
identifications at once, as we are identifying duals using different inner products. By following the
mappings, we obtain isomorphisms

HS(RY) = {H5(RY) = H5(R?)
s ey = (- A%) o A%
However, the composition H*(R?) = H~%(R%) is A%, which is hardly the identity mapping.

For another example where confusion with this kind of identification can arise, see remark 3 on
page 136 of [10].

5.2 The dual of Hj"(Q)

Given an extension domain 2 and s € R, one can define extension and restriction operators,
E: H*P(Q) — H*P(RY), p: H*P(RY) — H*P(Q),
which verify po E = I'ys(q). As a result, the restriction is surjective, and we can factor H*?(Q) as
H*P(Q) ~ H*P(RY)/Hge (RY), (7)
where given a closed set K C R? we define
H3P(RY) = {u € H*P(R?) : supp(u) C K} :

the support being understood in the sense of distributions Now, given a Banach space X and a
closed subspace Y — X elements of X’ can be restricted to Y, obtaining functionals in Y. The
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kernel of this restriction is Y° := {£ € X’ : Y C ker(¢)}. Since, by the Hahn Banach theorem, the
restriction is surjective, we obtain the factorization

Y~ X')Y°. (8)
Applying this to Y = Hg’p(Q) < H"P(RY) = X we obtain the result of Theorem 5.1.
Hy?(Q) = HEP(RY)JHGE (R = B/ (R [Ho! P (RY) = HH (@),

where the second equality is by Exercise 6 and the third by (7). This shows that the dual of H(]f P(Q)
is H *k’p/(Q). By also using the integer order equivalence of Theorem 4.1, we obtain Theorem 5.1.
As a final note, if our domain has a boundary, H¥(Q)" and H*(Q)" are not equal. Rather,

HEP(Q) > HZMP(RY),  H(Q) ~ H (R /H ' (RY).

See [11] Section 4 for more details.

6 Representation theorems

We know that we can isomorphically and bijectively map the spaces H*?(R?) and B*P(R?) with
the lower order spaces H*~"P(R?) and B*~"P(R?) by application of A" (differentiating r times). In
other words, spaces of lower-order regularity are obtained by differentiating functions with higher
regularity. We show how to extend this idea to smooth domains in some particular cases.

Theorem 6.1 (Representation of Wéf’p(ﬂ)’). Let Q C R? be an estension domain for W*P where
keN andp e [1,00). Then, every element in W5V (Q) = WhP(Q) is the unique extension of a
distribution of the form

Z D%uq € D'(Q),  where uq € L ().

1<|a|<k
Proof. Define the mapping

T:WkP(Q) — LP(Q — RY)

u+— (Dau)lgla‘gk

Where the notation says that we send u to the vector formed by all its derivatives. By our definition
of the norm on W"*P(Q), we have that T is an isometry and, in particular, continuously invertible
on its image. Denote the image of T by X := Im(T). Given £ € W5 (Q) we define

lo: X =R, Lly(w):=0T'w), YweX.

By Hahn Banach’s theorem, we can extend £y from X to a functional ¢; € LP(Q — R%)" and by the
Riesz representation theorem, we have that there exists a unique f = (fa)i<ja|<k € LY (Q — RY)
such that

61(w):/9w-h, Yw € LP(Q — RY).

By construction, it holds that, for all v € WHP(Q)

E(u)zEO(Tv):/QTU-f: > /QfaD%.

1<|a|<k
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In particular, this holds for v € D(Q) and if we set uq := (—1)f, we obtain that for all v € D()

L(v) = | v, Z D%, | =: w(v) 9)

1<|a|<k

(we recall the notation (v,w) for the duality pairing). By definitions of the norm on W*?(Q) and
Cauchy Schwartz, we have that w is continuous with respect to the norm on W*?(Q) and so we
may extend it uniquely to the closure of D(2) in W*P(Q) which is Wég’p(ﬂ). By (9), the extension
is necessarily w. This completes the proof. O

The above theorem shows that W %7 (Q) can be equivalently formed by differentiating k times
functions in L” (). The proof also sheds some light as to why W' (Q) is the dual of Wég’p(Q)
and not the dual of W*P(Q). The reason is that given a sufficiently regular distribution in D’(£2),
it has a unique continuous extension to an element of Wg” P(Q)’, but not to an element of W*P(Q)’.
We note however that, though the extension from D'(Q) to W~P(Q) is unique, the functions ug,
will not be, for example, if |o| > 0 it is possible to add a constant to u, and still obtain the same
result.

Exercise 8. Show that for s = v + k where k € Np,v € [0,1) and p € [1,00) and an extension
domain for H*?, every element in H~*?'(Q) can be written in the form w]|,q, where

w= Z A D%, € D'(RY),  where uq € LP (R?).

0<]al<k

Hint. Use that A7 : H*P(R?Y) — HFP(R?) is an isomorphism and the just proved theorem 6.1
together with the integer equivalence in Theorem 4.1 to show that

H*P(RY) ={ " ATD%q4 € D'(R?),  where uq € L' (R)
0<|a|<k

Now conclude by the definition of H =" (Q) for open domains 3.5.

The above results extend to Besov spaces; see [2] page 227. This gives,
Theorem 6.2. Lel k € Ny,v € 1[0,1),0 € (0,1) and p € [1,00) where § is an extension domain for
BYP _HYP. Then,

BI—kp Y D%, €D(Q), where u, € B'P(Q)

0<a|<k

0<|al<k

Wwo—kp z D%, € D'(Q), where u, € WYP(Q)

0<]a|<k

(€) = {
HY7FP(Q) = { > DY, €D'(Q), where u, € H'P(Q)
(€) = {

11



7 Some applications: Trace, embeddings and regularity

7.1 Trace operator

Consider f € LP(f2) a PDE of the form
Lu=finQ, ulyg=yg. (10)

Then, it is necessary to know exactly what boundary data ¢ is admissible. Suppose that £ is of
order k so we require u € W*P(Q). Will (10) have a solution? To be able to answer this question,
we need to know the image of the trace operator. If g ¢ Tr(W*P(Q)), then there is no hope of
finding a solution. The following theorem characterizes the image of the trace operator and can be
found in 2] page 228 and [1]| page 390.

Theorem 7.1 (Fractional trace theorem). Let Q C R? be open with C%' boundary. Then, for all
p € (1,00),s € (1/p,00), the trace operator Tr can be extended from C(Q) to a bounded operator

Tr: HP(Q) — B~ Y/PP(9Q), Tr: B*P(Q) — B*~1/PP(90).
Furthermore, given g € BS~1/PP(0Q), there exists u € WP (Q) such that Tr(u) = g with

HUHWs,p(Q) S HQHBsfl/p,p(aQ)-

Note that, since we have equality of W*P(Q) with H*P(Q) and W*P(Q) for respectively non-
integer s, we can also extend

Tr: W3P(Q) — B5~Y/PP(9Q).

7.2 Fractional Sobolev embeddings

In this section, we state the fractional analogue of the Sobolev embedding theorems for regularity
€ (0,1). Here, the analogous of the exponent pj is

Definition 7.2. Given p € [1,00) and s > 0, with s € (d/p, ), we define the Sobolev critical
exponent p; by

s
i p o d
The natural extension of the Sobolev embedding theorem to the fractional case is the following.
First, we introduce the following notation for the fractional seminorm.

u(z +y) — u(y)|
dz dy.
‘U|W"/p(Q /Rd /Rd ‘$|d+'yp T dy

See [1] page 262 for the following result.

Theorem 7.3 (Fractional Sobolev-Gagliardo-Niremberg). Given an extension domain 0 for WP
and v € (0,1),p € [1,00), it holds that

d
lll o ) = lulwrr), V7 <2

In particular, by interpolation, for all q € [p,pé].

d
”UHLQ(Q) S HuHW%p(Q)v Vy < E
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The critical case v = % corresponding to p} = oo is now (see [1] page 265)

Theorem 7.4. Given an extension domain Q for WP and v € (0,1),q € [p,00), it holds that

d
lellpage) S Tulwre@, v =2

Exercise 9. Using Theorem 7.3 prove Theorem 7.4

Hint. We are in the subcritical case for » < d/p = . Extend u to R? to form %. Then, by
Proposition 3.2, we have

ll iy < Nl ey S Mtlhyroggey < Nelhgmaany S ldligmnqey -
Conclude by finding r such that p; = q.
The supercritical case v > d/p can be found in [2] page 224 and [1| page 275.

Theorem 7.5 (Morrey’s fractional embedding). Let  be an extension domain for WP, where
s =k+~y with k € No,v € [0,1) we have a continuous embedding

d
WHP(Q) — C*(Q), Yy > ’ +k+7.

This embedding also holds for v = d/p + k + ~ provided that -y is non-integer.

As in the non-fractional case, one can also consider higher smoothness on the right-hand side (see
[1] page 290).

Theorem 7.6 (Sobolev embedding into higher smoothness). Let Q2 be an extension domain for
WP, Then, given p1,p2 € [1,00) and 0 <y < v < 1, it holds that

d d
||U||W717P1 (Q) S HUHW“/z«m(Q) s V2 — pr =M - ]71

d

Exercise 10. Justify via a scaling argument that the condition o — p% =7 =5 is necessary for

the embedding in Theorem 7.6.

Hint. Extend to a function on R? then swap u with uy(z) := u(\z)and apply the change of
variables (z,y) — A(z,y).

Finally, interpolation results are also possible. See [1] page 300.

Theorem 7.7. Let Q be an extension domain for WP and consider p1,p2 € (1,00),0 <y < 72 <
1, and 0 < 0 < 1. Then

[ —0
[ A 9 A,

for all uw € WYLPH(RY) N W2P2(RY), where % = p% + 1T—2<9 and s = 0y1+ (1 —0)7e.

The above results can also be formulated in terms of the Sobolev seminorm. For example, Theorem
7.7 can be formulated as

0 1-6
‘U|Ws-,p(Rd) S |U’WW1aP1(Rd) |U’Wn,p2(Rd) :

Higher order embeddings and interpolations can be obtained from the previous cases with regularity
parameter below 1 in combination with the integer case.

13



Exercise 11 (Fractional Rellich-Kondrachov). Let © be an extension domain for WP, then, given
s>0,p€[l,00). Set k= |s| and v = s — k. Then, it holds that

W*P(Q) < L), wemﬁ>am$<i
WP(Q) — L1(Q), Vg€ [p,oo) ands= i
WeP(Q) — C*(Q) and s > Z’
Hint. Observe that
1 _ 1 _k_1_ s

@), »y, d p d p;

The result follows from Theorem 7.3, Theorem 7.5 together with the integer case embeddings. For
the first case, by Theorem 7.3, we have

[ D%ull S HDauHWw,p(Q) S HUHW&P(Q)v V]al < k.

LPY(Q)

Then, using the integer case, we conclude
el ot oy = Nl 5 0y 5 0l s gy 5 Nl -

For the second case, by Theorem 7.3 and reasoning with derivatives up to order k, we obtain
similarly
lellyis gy S Il -

where by a calculation k = d/ p5. So, we conclude once more by using the integer case. Likewise,
for the final case, we use Theorem 7.5 to directly obtain
||U||ck.,v(Q) S ||u||W57P(Q)‘

Below we plot the Sobolev critical exponent p? for p = 2 and d = 1,2, 3. As we can see, it decreases
with d and increases with s. This means that the larger the dimension the more regularity we need
to obtain a bound on the same L9(R%) norm. The integrability increasing to infinity around the
critical threshold s = d/p.

Exercise 12. Let Q be an extension domain for W*''P. Show that, given pi,p2 € [1,00) and
0 < s9 < s1 < 00, it holds that

d d
WEPH(Q) s Wo2P2(Q), 51 — — = 59 — —.
b1 D2

Hint. Set k; = [s;] and v; = s; — k;. Apply Theorem 7.6 to the derivatives of order up to kg to
obtain

|\Dau||wv2,pz(g) S HDauHWﬂvPl(Q) < ||u||W51»P1(Q)a Vla| < ks.

Deduce that

HUHWszvmm) S HU’HWSLZH(Q)~
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Figure 1: Sobolev critical exponent for p =2 and d =1,2,3

For more higher order embeddings see also [1| Section 11.4. Finally, embeddings can be similarly
formulated for Besov spaces. See [8] page 219 for the following result.

Theorem 7.8 (Embedding for Besov spaces). Let Q be an extension domain, and consider 1 <
p1 < p2 <00, —00 < S9 < 81 < 00. Then,

BSUPL(Q) < B52P2(Q)), 51 — n_ S9 — ﬁ'
b1 D2

This and other results can be formulated for the more general spaces Bg*. Where B5? = By".

See, 4], [2], [8]-
We conclude this post by commenting that given a second-order PDE with smooth coefficients,
such as

—Au=finQ, wulyy=0.

One expects that u is two degrees more regular than f. That is, if f € W5P(Q), then we should
have u € W*+2P(Q)). This is indeed the case locally. However, to obtain smoothness up to the
boundary, one also needs 92 to be regular enough. In this case, Lipschitz continuity of € is not

sufficient, even if f € C*°(Q) (see for example [12]). We may comment on this later in a future
post.
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